EXTENSIONS OF THE WELL-POISED AND ELLIPTIC 
WELL-POISED BAILEY LEMMA 

S. OLE WARNAAR 
Dedicated to Tom Koornwinder on the occasion of his sixtieth birthday 



Abstract. We establish a number of extensions of the well-poised Bailey 
lemma and elliptic well-poised Bailey lemma. As application we prove some 
new transformation formulae for basic and elliptic hypergeometric series, and 
embed some recent identities of Andrews, Berkovich and Spiridonov in a well- 
poised Bailey tree. 



1. Introduction 

In a recent paper Andrews introduced a Bailey-type lemma for well-poised 
(WP) basic series. Together with Berkovich this led him to discover many new 
transformation formulae for basic hypergeometric series j3j . Shortly after pi and j3j 
appeared, Spiridonov pointed out that part of the programme carried out by 
Andrews and Berkovich can be formulated at the level of elliptic functions, leading 
to new results for elliptic or modular hypergeometric series. 

In the present paper we show that the work of Andrews, Berkovich and Spiri- 
donov admits many further extensions. In particular we will show that Andrews' 
binary WP Bailey tree can be enhanced to yield a tree with six-fold branching, and 
that Spiridonov's elliptic WP Bailey chain can be upgraded to a trinary tree. As 
a consequence, all of the basic WP Bailey pairs of and all of the elliptic WP 
Bailey pairs of p9j become nodes on a single multi-dimensional basic or elliptic 
WP Bailey tree. In addition, many new WP Bailey pairs result, leading to new 
identities for basic and elliptic hypergeometric series. 

In Section 13 we present our extensions to the basic WP Bailey lemma. Sectional 
deals with the elliptic WP Bailey lemma, and Section 01 contains a number of 
applications of our result to basic and elliptic hypergeometric series. 

2. The basic well-poised Bailey lemma 

Throughout this paper we adopt the standard notation and terminology for basic 
hypergeometric series of Gasper and Rahman's book In particular we use 



r-(-l(, 



oo 

Oi, . . . , Qr+l 

bi,...,br 



•sr^ (q1, . . . , Or+i; g)fc ^fc 

^ iq,bi, . . .,br;q)k 
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where (a; g)„ — YVj=oi^ ~ ^1'') ^ g-shifted factorial and 
(ai, . . . , flfc; q)n = (ai; g)n • • • (ofe; q)n- 

Since we will only be dealing with terminating series we do not impose the usual 

condition \q\ < 1. In view of the frequent use of the term 'well-poised' we recall that 

a r+i4'r series is well-poised if the pairwise product of numerator and denominator 

parameters is constant; qai — 0261 — ■ ■ ■ — ar+ibr- If in addition 02 = —as = 
1/2 

q, the series is very-well-poised. We abbreviate such very-well-poised series by 
r+iWr(ai; 04, . . . , flr+i; z). Finally we note our convention that n is always a 
nonnegative integer. 

Before discussing Andrews' WP Bailey lemma let us give the well-poised version 
of the classical Bailey transform. 

Lemma 2.1 (WP Bailey transform). For a and k indeterminates the following two 
equations are equivalent: 

(2.1a) /3„(a,fc;(j) = > — ^ ar{a,k;q), 

^ (<?; q)n^r (aq; q)n+r 

2.1b) a„a,fc;(j) = — V — r 

1 — a ^-^ 1 



k {q;q)n-r 

\a) Pr{a,k]q). 



r=0 

{a:q)n+r fk^ri-r 



{kq;q)„+r ^ay 
Proof. Writing (|2.1() as 

n 

(2.2a) /3„(a, k;q) Mn,r{a, fc; q)ar{a, k; q), 

r=0 
n 

(2.2b) a„(a, A:; g) = ^ Mn,r{a, k; q)/3r{a, k; q) 



r=0 



we get 



a„(a, fc; q) = ^ Mn,r(a, fc; q) ^ Mr,s(a, k; q)as{a, k; q) 

r=0 s=0 
n n 

= ^ as{a, k; q) ^ Mn,r(a, q)Mr,s{a, k; q). 

s—O r—s 

We thus need to prove the inverse relation 

n 

(2.3) ^ M«,s(a, A:; q)Ms,r{a, k; q) = 5n,r- 

s—r 

From the exphcit expressions for Mn,s and M^^^. it follows that 

LHSHSl = g)^'- M„ (a, fc; g) 6W^5(fcg^-; fc/a, ag"+^ g-^"-''^ g, g) 

(ag; g)2r 

— ' '^■'^'■-Mn ,,(«, fc; g) 5n,r = <5„,r- 



(ag; g)2r 



THE WELL-POISED BAILEY LEMMA 



3 



Here the eWs has been summed by a special case of Rogers' g-DougaU sum [TTl 
Equation (11.21)]. 

The companion relation 

n 

'^Mn,s{a,k]q)Ms^r{a,k;q) = 5n,r 

s—r 

can be proved in analogous fashion. In fact, it suffices to note that given a„ equation 
(|2.1b|l uniquely fixes /3„ and, conversely, given /3„ equation (|2.1a|l uniquely fixes 
an- □ 

After the above preliminaries we review Andrews' work on the WP Bailey lemma. 
Let a = (ao, ai, . . . ) and /? — (/3o, Pi, ■ - ■). 

Definition 2.1. A WP Bailey pair is a pair of sequences (a(a, k; q),l3la, k; q)) that 
satisfies (|2.1|l . 

The adjective 'well-poised' derives from the fact that 

(k/a\q)n~r {k;q)n+r _ ik,k/a;q)n {kq",q~";q)r /aqy 



{q;q)n-r {aq;q)n+r {q,aq\q)n (agi-"/fc, ag"+i; q)^ V A: 
When k tends to zero a WP Bailey pair reduces to the classical Bailey pair as 
introduced by Bailey For more details we refer to the reviews [T1I^I22| . 

Andrews proved two theorems for constructing WP Bailey pairs. His first result 
Pl Theorem 3] follows from Jackson's 8</'7 sum. 

Theorem 2.1. If {a{a,k]q), (3{a,k;q)) is a WP Bailey pair, then so is the pair 
{a'la,k]q),j3'{a,k]q) given by 

, ^ (^c;g)„ (kY I ^ 

an\.a.k;q) = - — ^(— a„(a,m;g), 

(ag/o, aq/c;q)n ^rn/ 

{aq/b,aq/c;q)n ^ 1 - m {mq/b,mq/c;q)r 

{k/m;q)n-r {k]q)n+r (ky 



X 



— ) Pria,m;q), 

TO/ 



{q;q)n-r {mq\q)n+r^m, 
where m = bck/aq. 

Andrews' second result [2 Theorem 4] follows from the g-Pfaff-Saalschiitz sum- 



mation. 



Theorem 2.2. // {a{a,k]q),(3(a,k]q)) is a WP Bailey pair, then so is the pair 
{a'la,k]q),l3'{a,k]q) given by 



an(a,k;q)^— — - — I— an[a,m;q), 
(fc;g)2„ Vm/ 



(m; q)2n / k 
(fc;g)2n 

R' ( 1 \ \^ ik/m;q)„-r f ky^ t \ 



{q;q)n-r 
where m = a^qjk- 

By combining the above two theorems it follows that each WP Bailey pair gives 
rise to a binary tree of WP Bailey pairs. Andrews coined this the WP Bailey tree. 

We will now show that the Bailey tree admits many additional branches thanks 
to the following four theorems. 
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Theorem 2.3. // {a{a, k; q), l3{a, k; q)) is a WP Bailey pair, then so is the pair 
{a'{a,k]q),j3'(a,k]q) given by 

1 + crmi/2g" (m;g)2„ / fc \" 
l — ak'^'^q^ 1 + crm^/^ (k;q)2n ^m/ 



^l + am^/^q"^ ik/m-q)n-r f ky 



r=0 

where m = jk and a £ { — 1, !}• 

The freedom in the choice of a simply reflects the fact that the above expressions 
are invariant under the simuhaneous negation of fc^/^, m^l"^ and a . 

Theorem 2.4. // {a{a, k; q), P{a, k; q)) is a WP Bailey pair, then so is the pair 
{a'{a,k;q),P'{a,k;q) given by 

OiJ^a^, k; q^) = a„(a, m; q), 



oi ( 2 , 2n _ {~mq;q)2n ^ I - m.q^'' {k/m^;q^) 



r=0 

{k;q^)n+r (m 



X 



{m?q'^;q'^)n+r 



where m = k/aq. 



Theorem 2.5. If {a{a, k; q), P{a, k; q)) is a WP Bailey pair, then so is the pair 
{a'{a,k;q),P'{a,k;q) given by 

an{a,k;q)^q —— an{a,m]q), 

1 + a 



P'nia,k;q') 



where m = k/a. 



_„ (-mg; q)2n \p 1 - mg^'' (fc/TO^;g^)„„r 
i-a;q)2n ^ I - m {q'^;q^)n^r 

{k;q^)n+r fmy-r 



{rin?q'^\q'^)n+r V a 



Theorem 2.6. If {a{a, k; q), P{a, k; q)) is a WP Bailey pair, then so is the pair 
{a'{a,k;q), P'{a,k;q) given by 

a'2n{a.k;q) = a„(a,m;g^), a2n+i{a,k;q) = 0, 

a , 1 \ imq;q^)n^^^ I- mq*"" ik/m;q) n^2r 

Pnia,k;q) = - > — 

[aq;q^)n f-" 1-m {q;q)n-2r 



X I (Jr{a, m;q ), 

{mq-,q)n+2r^ a-' 



where m = k"^ /a. 



The Theorems 12.41 and 12.61 admit an eUiptic generahzation and follow by letting 
p tend to zero in Theorems 13.21 and 13.31 of the next section. Before proving the 
remaining Theorems 12.31 and 12 . 51 we prepare two simple summation formulae. 
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Lemma 2.2. For c — —abq or c — a^q/b there holds 



(2.4) 



4fP3 



aq, a^, b, q 



a^CjO^bq"^ "/c 
Lemma 2.3. There holds 



q,q 



1 + ag"/5 {c/a'^q,c/bq;q)n 
l + a/b {c,c/a^bq\q)n 



(2.5) ^Wj{a- b, aq^/b^'\ -aq^ /b^'\ g"", 



{-a/b;q)2n {a^q^,b\q^)n (q 



id 



{-aq;q)2n {l/b,a?q^ /b'^;q^)y 
Proof of Lemma \2.}A By Sears' transformation for series .11, Equation (III.15)] 

a-\b,q-\q-^ 



(c, c/a?bq] q)n 
{c/o?q, c/b;q)n 



a.c/a^qjbq^ "/c 



1 



a(l-fe)(l~g") 



{c,c/a^bq;q)n \ b{l - a^q/ c){l - cq^-^ /b) 
In general the term within the curly braces does not factor, but since 

(1 + ag"/5)(l - c/bq) (1 - g")(l + c/abq){l - bc/a'^q) 



(1 + a/b){l - cq'^-^/b) (1 + b/a){\ - c/a'^q){l - cq'^-^b) 
it certainly does for c = —abq and c — o?q/b, leading to the right-hand side of 

Proof of Lemma \2.'A By Watson's transformation 11, Equation (III. 17)] 



61/2,_&l/2ql-n^_agn+l 



The 403 series on the right can be summed by the c = —abq instance of H2.4|l . 
leading to the desired right-hand side. □ 

Proof of Theorem \2.yi We write the claim of the theorem as 
a^(a, k; q) = i„(a, fc; (j)a„(a, m; g), 

n 

/3n(a, ^; 9) = X! ^".'■(«' 9)/3r(a, m; g) 
and use the notation (|2.2a|l . Then on the one hand 

n 

P'nia, k;q) = ^ Mn,r{a, k; q)a'^{a, m; q) 

r=0 
n 

= ^ Mn^r{a, k; q)Lr{a, k; q)ar{a, m; q), 

r=0 
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and on the other hand 

n 

f3n(a,k;q) Nn,s{a, k; q)/3s{a,m; q) 



= ^ Nn,s{a, k; q) ^ Ms,r{a, m; q)ar{a, m; q) 

s=0 r=0 
n n 

r—0 s—r 

Hence the proof of the theorem boils down to showing that 

n 

(2.6) ^ Nn,s{a, k; q)Ms,r{a, m; q) = Mn^a, k; q)Lr{a, k; q), 

s—r 

where m = a^/k. Using the exphcit expressions for Nn^s and M^.s, shifting the 
summation index s to s + r and carrying out some standard manipulations involving 
g-shifted factorials, we obtain 

-am^^'^q^'^^ ,mq'^^ , m/a, 



~am^/'^q''',aq'^^+^,mq'^ "+i/fc ''^''^ 



Recalling that m = a? /k we can sum the 4(^)3 by the a?q/b case of Lemma 
Thus, 



1 - crfci/2g" {kq^'' ,k/a;q).n-r _ {aq;q)2r Mn^r{a,k\q)Lr{a,k]q) 



1 - ak'^/^q'' {aq'^''+^,k/m;q)n-r {m;q)2r Nn,r{a,k;q) 
Putting the above two equations together yields H2.6|l . □ 

Proof of Theorem \2.5\ Writing the claim of the theorem as 
Q;Jj(a^, k\ q^) = Ln{a, k; g)a„(a, to; q), 

n 

I3'^{a^,k;q^) = ^Nn,r{a,k;q)Pr{a,m;q) 

r=0 

and following the proof of Theorem 12. 31 we have to show that 

(2.7) ^ Nn,s{a, k; q)Ms,r{a,m; q) = Mn,r{a'^,k;q'^)Lr{a,k;q). 

S—r 

Using the exphcit forms of N^^s ^ind Mr.s ^nd shifting the summation index, we get 

(aq; q)2r 

X sW7imq^'';m/a, fc^/ V+", -fc'/'g"+", q-^"-''\ -q-^"~'''>;q; q^). 
Since to — k/a the sW^y can be summed by Lemma 12.31 Hence 

s (-ag^'';g)2«-2r (TO^g4'-+^TO/Q;g^)„_^ /ggx"-'' 
* "■ (-m(72r+i;g)2„_2,. (a/TO, a2g4'-+2.^2)^^_^ Vto/ 

_ {aq\ q)2r Mn,r{a'^, k; q^)Lr[a, k; q) 



{m;q)2r Nn^rn? ,k;q^) 



□ 
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3. The elliptic WP Bailey lemma 
We denote by 9{z;p) the modified Jacobi theta function 

QO 

9{z;p) = Y[{1 - zp>){l~p>+^/z), \p\ < 1, 
i=o 

and define the elliptic g-shifted factorial by the product 

n-l 

{a;q,p)n = Y[ ^(a?^;^)- 

3=0 

Note that (a;g,0)„ — (a;g)„. As usual we employ the condensed notation 
(ai, . . .,ak;q,p)n = (ai;q,p)n ■ ■ ■ {ak;q,p)n- 

In analogy with the previous section we define the very-well-poised elliptic hy- 
pergeometric series 

{aiq^''\p) (ai,a6, • • ■ ,ar+i;q,p)kq'' 



r+iVr{ai;ae, ■ ■ .,ar+i;q,p) = ^ 



0{ai;p) {q,aiq/afi,...,aiq/ar+i;q,p)k' 

where for convergence reasons we require the r+iVr to terminate. The rationale 
behind the above labelling of the r+iVr series is that ^Hl 

e{aq''';p) ^ ia'/\ -a'/\ {a/p)'/\ -{apf'^q; q,p)k , .fe 
0{a;p) (ai/2,-ai/2,(ap)i/2,_(a/p)i/2;g,p), ^ ' 

Hence, provided none of the parameters ai depends on p (see Theorems 14 . II and 14 . 21 
for examples of such p-dependence) we get 

(3.1) r+iVr{ai\aQ, . . .,ar+i;q,Q) = r-iWr-2(ai; ae, ■ ■ • , Or+i; <7, (?)■ 

A r+iVr series is called balanced if ag • • • ar+iq = (ai?)'-'^"^-'^^. AH known identities 
for elliptic hypergeometric series are both balanced and very-well-poised. One such 
identity that will be applied on a number of occasions is the elliptic version of 
Jackson's s4>7 sum due to Frenkel and Turaev Theorem 5.5.2]; 

OA 1/ ^ ^ ~n N (gg, aq/bc, aq/bd, aq/cd; q, p)„ 

(3.2) ioV9{a;b,c,d,e,q ■,q,p} = - — — — — , 

(aq/b, aqf c, aq/d, aq/bcd; q,p)n 

where bade = a^q"^^. For a more extensive introduction to elliptic hypergeometric 

As our first application of elliptic hypergeometric series we state the following 
analogue of the WP Bailey transform. 

Lemma 3.1 (Elliptic WP Bailey transform). For a and k indeterminates the fol- 
lowing two equations are equivalent: 

foo \ nil. \ {k/a;q,p)n-r {k]q,p)n+r I , ^ 
(3.3a) [jn{a, k; q^p) ^ y — ar{a, k; q,p), 

^ [q;q,P)n-r (aq;q,p)n+r 

/o QUA / 7 A Oiaq^'^-^p) ^ 9{kq^'';p) {a/k]q,p)n^r 

(3.3b) a„(a,fc;q,p) = — — — — 2^ 



^ 9{k]p) {q]q,p)n- 



- Pr{a,k;q,p). 

{kq;q,p)n+r ^a/ 
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Proof. The proof is an almost exact copy of the proof of Lemma [2. II Writing the 
two transformations of the lemma as 

n 

(3.4a) /3„(a, k; q,p) = ^ Mn,r(a, k; q,p)ar{a, k; q,p), 

r=0 
n 

(3.4b) a„(a, /c; q,p) = ^ M„,^(a, k\ q,p)l3r{a, k; q,p), 

r=0 

we have to show the inverse relation 

n 

^ M„^s{a, k; q,p)Ms,r{a, k; q,p) = Sn,r- 

S—r 

This is equivalent to showing that 

sV,{kq''; k/a, aq"+^, g"'"-''); <z,p) - (5„,„ 
and readily follows from the elliptic Jackson sum (|3.2() . □ 

The next result is Spiridonov's elliptic version of Andrews' Theorem 12.11 |19l 
Theorem 4.3]. 

Theorem 3.1. If {a{a,k;q,p), l3{a,k;q,p)) is an elliptic WP Bailey pair, then so 
is the pair {a' {a,k;q,p), (3' {a, k; q,p) given by 



a^{a,k;q,p) = an[a,m;q,p}, 

[aq/b, aq/c;q,p)n Vm/ 

{mq/b,mq/c;q,p)n -A 0{mq'^'';p) {b,c;q,p)r 



/3„(a, k; q,p) = - — — > 

inn/n nn r- n ni.. ' ^ 



{aq/b,aqlc;q,p)n ^ 6'(m;p) {■mq/b,mq/c;q,p)r 



{k/m;q,p)n-r {k;q,p)n+r (ky 



If \r 

— (3r{a,m]q,p), 



{q;q,p)n-r {mq]q,p)n+r^m 
where m — bck/aq. 

To this we can add two more transformations for elliptic WP Bailey pairs. The 
first generalizes Theorem 12.41 

Theorem 3.2. If (a{a,k;q,p), P{a,k;q,p)) is an elliptic WP Bailey pair, then so 
is the pair {a'(a,k;q,p), f3'{a,k;q,p) given by 

a'n{a^,k;q^,p^) = a„(o,m;9,p), 

.,,2, 2 2, {-mq;q,p)2n ^ 9{mq^^;p) (fc/m^ g^ p^)„,. 
P„(a ,k]q ,p )^ — — ■ ^ — 2^ 



{~aq;q,p)2n ^ 0{m;p) {q'^;q^,p'^)n-r 

->2 „2 



{m^q^;q'',p'')„+r ^ a / 

where m = k/aq. 

The second result provides an elliptic extension of Theorem 12 .61 
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Theorem 3.3. If {a{a,k;q,p), l3{a,k;q,p)) is an elliptic WP Bailey pair, then so 
is the pair {a'{a,k;q,p), l3'{a,k;q,p) given by 

(x'2n{o;k;q,p) = an{a,m;q'^,p), a'^n+M, k; q,p) = 0, 



r)/ f , ^ {mq;q^,p)n 0imq* ;p) {k/m;q,p)n-2r 

Pn{a,k]q,p) ^ J-— > — ^ 

{aq;q ,P)n ti, 0{m;p) {q;q,p)n^2r 



r=0 



{k;q,p)n+2r ( fcyi-ar 

X 



{mq;q,p)n+2r^ a 
where m = k'^ /a. 

Proof of Theorem \3.^ Writing the claim of the theorem as 
o'n{a^,k;q^,p^) = an{a,m; q,p), 



Pr{a,in;q'^,p), 



P'n{a^^k;q^,p^) = ^Nn^r{a,k;q,p)/3r{a,m;q,p) 
and using the notation of equation H3.4a|l . we need to show that 

n 

(3.5) ^Nn^s{a,k;q,p)Ms^r{a,rn;q,p) = Mn^r{a^ ,k]q^ ,p^), 

s—r 

where m = k/aq. From the exphcit expressions for Nn^s and Mr^s, and simple 
elliptic g-factorial relations such as 

(3.6a) {a:q,p)n+k = (a:q,p)n{aq"-;q,p)k 

(3.6b) (a; g,p)„_fe = (a; g,p)„(-gi-'7a)^(^V('?'"'7«; q,P)k 

(3.6c) (a^; g^,p^)„ = (a, -a; g,_p)„, 

we obtain 

{aq;q,P)2r 

Since m = k/aq the loVlj can be summed by H3.2|l to yield 

^° ^^■■■'^ {aq^'-+\k^/^q^-^/a,-k^/^q^-"/a,-aq-^-^+yk;q,p)n-r 

_ {aq:q,p)2r Mn,r{a'^ ,k;q^ .p^) 
im;q,p)2r Nn,rim'^,k;q'^,p'^)' 
Proof of Theorem \S.'A We write the claim of the theorem as 

a2«(a- fc; I^P) = ""(a, m; q'^,p), a2„+i(a, k; q,p) = 0, 

L"/2J 

P'n{a.,k]q,p) = ^ Nn^r{a,k;q,p)(3r{a,m;q^,p) 

r=0 

and again use the notation H3.4a|l . We then need to show that 

L"/2J 

(3.7) ^ Nn,s{a,k;q,p)Ms^r{a,m;q^,p) = Mn,2r{a,k;q,p), 



□ 
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where m = /a. From (|3.6|l and {a;q,p)2n = {a, o,<l', q^ ,p)n it follows that 



(m;g^p)2r 
{aq^;q^,p)2r 

X 10 Vg (mg'''' ; m/a, kq'^+^'' , fcg"+2'-+i, g-("-2r)^ ^l-(n-2r). ^2^p)_ 



LHSE3 = ; 2 2 r N„A^,k;q,p) 



Since m = k'^ /a the loVg can be summed by (|3.2|l upon distinguishing between n 
even and n odd. After some simplifications one finds that irrespective of the parity 
of n 

_ {aq^;q'^,p)2r Mn,2ria,k;q,p) 
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{m]q^,p)2r Nn^r{m,k;q,p)' 
which completes the proof. □ 



4. Applications 

As mentioned in the introduction, all of the WP and elliptic WP Bailey pairs 
found in pil51ll9| readily follow by application of the Theorems of the previous two 
sections. To illustrate this we take /3(a, k] q) — (5„.o in the WP Bailey transform 
()2.1|) . yielding the unit WP Bailey pair 

1 -ag2" (a,a//c;g)„ /fc\" 

(4.1a) a„(a, k- q) ^ — — —[ - , 

1 - a (q,kq;q)n ^aJ 

(4.1b) I3n{a,k]q) ^ 5nfi- 

Then applying Theorem 12 . 31 results in the (corrected) WP Bailey pair given by 
Equations (3.5) and (3.6)], applying Theorem 12.61 results in the (corrected) WP 
Bailey pair given by O Equations (3.11) and (3.12)], applying Theorem 12 . 41 results 
in the WP Bailey pair given by [31 Equations (4.5) and (4.6)], and, finally, applying 
Theorem 12.51 results in the (corrected) WP Bailey pair given by |31 Equations (4.7) 
and (4.8)]. These last two cited WP Bailey pairs were first found by Bressoud in [S]. 

In much the same way, from the elliptic WP Bailey transform H3.3|l one imme- 
diately infers the elliptic unit WP Bailey pair 

i,^. f , ^ 0{aq^'']p)(a,a/k]q,p)n (kY 

(4-2a) a„(a,fc;q,p) = — ^ — ^ - . 

0[a]p) {q,kq;q,p)n Va/ 

(4.2b) Pn{a,k;q,p) ^ Sn,o- 



When inserted in Theorem 13 . 21 this yields 

f 2 , 2 2^ 0{aq^'^]p) {a,a'^q/k;q,p)„ ( k \" 

an{a ,k;q ,p ) = — — — ^ — (— , 

0[a;p) {q,k/a;q,p)n \a-^qJ 

R ( 2 I,. 2 2^ _ {-k/a;q,p)2n {k.a^q^ /k;q^ ,p'^)n fm 

Pn[0, , K,q ,p ) — t 2 1 2 I 2 2 2\ \ 

{~aq;q,p)2n (g^, fc^/a^; g^,p'')„ V a 

which is equivalent to [191 Equations (5.2) and (5.3)] of Spiridonov. By further iter- 
ating this pair using Theorem l3. II Spiridonov obtained the following transformation 
formula for elliptic hypergeometric series 19\ Theorem 5.1]. 
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Theorem 4.1. For m = bck/a^q^ and d — —m/a there holds 

_ (g^g^, k/m, mq^/b, mq^/c; q^,p'^)n 
{mq^, k/a?, a^q^ /b, a^q^ /c] q^,p'^)n 

X 14^13 ('™; a^q^/m, d, dq, d/p, dqp, b, c, fcq^", g"^"; 

Interestingly, some of the parameters in the 14 Via series on the right depend on 
p. Therefore H3.1|l does not apply, and in the p ^ limit the above identity ceases 
to be balanced. Indeed in this limit one finds 

^,Wn (a; a'q/m, b'^^ -b'l\c}l\ -c''\ k^l\\ -k^l\- ,q-\ -g-; g, q) 
(a^g^, /c/m, mq^ /b, mq^ /c; q^)n 
{mq^, k/a^, a?q^ /b, a^q^ /c; q'^)n 

X wWr){m] a?q^ /m, d, dq, b, c, fcg^", g"^"; q^ , mq/a^) 

of Andrews and Berkovich j3| Equation (4.9)]. What we will now show is that 
thanks to Theorem 13.31 the above theorem has the following companion. 

Theorem 4.2. For m — bck/aq and d = ±7n{q/ a)^/"^ there holds 
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yi3(a; a'/m', b, bq, c, cq, kq^, kq^'+\ q'^\ q'-^; q\p) 
{aq, k/m, mq/b, mq/c; q,p)n 



{mq, kj a, aqjb, aqj c; q, p)„ 

X i4Vi3(m;a/TO, d, -d, dp^^^, -d/p^^^, b, c, fcg", g""; q,p). 

This provides a second example of an identity that fails to be balanced after 
taking p to zero. In this limit 

Wn{a; a^m^b, bq, c, cq, kq", kq"+\q-",q^-^; q\q^) 



12 

{aq, k/m, mq/b, mq/c; q) 



ioW9(m; a/m, d, —d, b, c, kq^, q q, —mq/a) 



{mq, k/ a, aq/b, aq/ c; g)„ 
again due to Andrews and Berkovich ]T, Equation (3.13)] 



Proof of Theorem \4-'A Substituting the elliptic unit WP Bailey pair (|4.2|) in The- 
orem |^31i'csults in the new pair 

e(aq^^;p) {a,a'' /k^;q\p)^ (k^^n 
a..{a,k;q,p)^ ^(a;^.) {q^kW / a;q\p).Xa) ' 
a2n+i[a,k;q,p) = 0, 

ail \ (Pq/a;q^,p)n {k,a/k;q,p)n ( k\^ 
Pn{a,k;q,p) - 



{aq;q^,p)„ {q,k'^q/a;q,p)n\ a 
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Next applying Thcorem KS. H and manipulating some of the elliptic g-shifted factorials 
using yields 

9{aq'^"';p) {a,a? /m?]q^ ,p)n ib,c;q,p)2n fk\'^^' 



a2 (a tq p) = (a, a"/m"; g",pj„ (b,c;q,p)2n /fcy" 

" ' ' ' 9(a:v) (a'^.m'^a'^/a-.a'^.v),, (aa/b.aa/c:a.v)-?,,\aJ 
,+i{a,k;q,p) 

Pn{a,k;q,p) 



9{a;p) (q'^,m'^q'^/a;q'^,p)n {aq/b,aq/c;q,p)2n^a 

a2n+iia,k;q,p) = 0, 

(fc, fc/m, bk/a, ck/a; q,p) 



{q,mq,aq/b, aq/c;q,p)n 

-A 9{mq'^'';p) {m'^q/a;q^,p)r /■ mqy 
d{m;p) {aq;q^,p)r V a J 



X 

r=0 

(to, 6, c, o/to, /eg", q~";q,p)r 



(g, mq/b, mq/c, m'^q/a, mq^ "//c, mq"'+^] q,p)r ' 
where to = bck/aq. By taking the ratio of 

0(a2;p) = 9{a;p)9{~a;p)9{ap'/^;p)9{-a/p'/^;p)p'^ya 
and the equation obtained by replacing a by —6 it readily follows that 
(a2;g^p)„ {a,-a,ap^^^,-a/p^/'^-q,p)nf b- 



g2,p)„ (6, -5, 6/pi/2^ -bp^/'^; q,p)r 
Defining c? by = m?q/a one thus finds 

{'m^q/a;q^,p)r ( my (d, -d, dp^/'^ , -d/p^^^; q,p)r 



■(-7) 



{aq;q'^,p)r ^ {mq/d,—'mq/d,'mq/dp^^^,—'mqp^^-^/d;q'^,p)r 

Using this in the expression for /3„ and (a; g,p)2n = (a, ag; i'p)n in the expression 
for a„, and substituting the above Bailey pair in (|3.3a|l yields the 14V13 transfor- 
mation of the theorem. □ 

Many more transformations for basic and elliptic hypergeometric series can be 
derived along the lines of the above proof. Most of the simpler results are either 
known or variations of known identities. To give just two more examples, iterat- 
ing the unit Bailey pair H4.1|l using first Theorem 12.11 and then Theorem 12.31 or 
Theorem 12.51 yields 

i2W^ii(a; b, c, kq/bc, {rnqf", m'/\, -m'/^, -{mqf^, kq'\q-'';q, q) 



l + fc^/2 (^aq^k/m;q)n 
l + fci/2g« {k,k/a;q)n 



m,m^/^q,bm/a,cm/a,aq/bc,q " 
m^/"^, aq/b, aq/c, bcm/a, mq^~"/k ' 



with TO = a'^/k, and 

i2Wn{a; b, c, a\/bcm, {-af'\, -{-a)^'\, fc^/^g", -k^'\^^ g-«, -g-"; g, g) 

_ (-TOg;g)2n {a^q^ ,k/m'^;q^)n /to 
(-a;g)2n {m?q^,k/a?]q^)n\aq/ 
X ioVK9(to; bm/a, cm/ a, aq/bc, fc^/^g", -fc^^^g", g"", -g""; g, g^), 

with m = k/a. The first of these formulas is similar to a nearly-poised transforma- 
tion of Bailey (11. Equation (III. 25)] and the second formula is similar to a special 
case of Bailey's lo^ig transformation ^2 Equation (III. 28)]. 
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5. Note added in proof 

After submission of this paper we discovered many more transformations for 
basic and elliptic WP Bailey pairs. The most important two, which hold at the 
elliptic level, are given below. 

Theorem 5.1. If {a(a,k;q,p), P{a,k]q,p)) is an elliptic WP Bailey pair, then so 
is the pair {a' {a,k;q,p), (3' (a, k; q,p) given by 



{mq;q'^,p)n / a 
{kq;q'^,p)n V 

e{mq^'';p) {k/m;q^ ,p)(n-r)/2 
e{m;p) iq^;q^,p)(n-r)/2 

r=n (2) 

(fc;a^,p)(n+r)/2 / a 



I, , X [mq\q%p)n( ay 
a„(a, k; q,p) = (^f^^. ^2 ^) \m) 

n 

/3n{a,k;q,p) ^ ^ 



^7 2 — 2 — \ ( Pr{a,m;q,p), 

{mq^]q\p)(n+r)/2^ m' 



where m ~ c? jk. 



Theorem 5.2. If (a{a,k;q,p), P[a,k;q,p)) is an elliptic WP Bailey pair, then so 
is the pair {a'{a,k;q,p), (3'{a,k;q,p) given by 



// ,2 2 2n -mg;g,p)2„ f a \» 2 2 2x 

\AO',k ]q ,p ) = — r — I an[a,m ■,q ,p }, 



{~kq;q,p)2n \m'^q 



0{-k;p) 6'(m2g4'-;p2) (k/m;q,p)r 



-kq^'^-^p) f-^^ 6{m?;p'^) {q;q,p)n^r 
(mq;q,p)n+r Vm^/ 



r=0 
X 



where m — a/kq. 



Especially this last theorem is remarkable because, unlike all the other transfor- 
mations for elliptic WP Bailey pairs, its proof does not rely on the elliptic Jackson 
sum (|3.2I) but on the new elliptic summation 

^ e{a'^]p^) {q^,a^q^ /b]q^,p'^)k {bq'^~'^,aq''+'^;q,p)k 

^ 6{-aq^'^-^ /b;p) {aq, ~a/bq; q,p)n g^p^)n „ 

0{-a/bq;p) {-q,l/bq; q,p)n {a^q^ /b-.q^ ,p^)n 

When p tends to zero this reduces to a bibasic summation of Nassrallah and Rahman 
m Corollary 4] (see also HU Equation (3.10.8)]). 

An appealing example of a new result that follows from Theorem 15 . 21 fcombined 
with l|4.2|l and Theorem |3.1|l is 

^ 6l(a2g4fe;p2) {a^,b,c,d;q^,p^)k {eq'^ ,q^";q,p)k „2fe 



fc=0 



9{a'^:p^) [q^ ,a'^q^ /b^a^q^ / c,a'^q'^ / d: q^ ,p'^)k {aq^ "/e, 0(7"+^; q,p)fc 
(-eg2";p) {~e,aq;q,p)n {e/aq;q'^,p'^)n „ 



d{-e.\p) {-q,e/a;q,p)n {Xq'^;q'^,p'^)„ 
X lAVisiX, —o.q, —o,q^, ^o-q/Pi —o-q^Pi \bjc? ^ Xcja? ^ Xdja^ , e^g^", g"^"; q^,p^), 
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where A = a^q^ /bed and e ~ X/aq. Again the p-dependence of some of the param- 
eters of the 14V13 on the right is to be noted. In the Umit when p tends to zero 
the above transformation siniphfies to ^1 Equation (4.24)] (see also ^2 Exercise 
3.13]. 

As a final comment we wish to remark that not all of the (elliptic) WP Bai- 
ley pairs one can find seem to follow from the (elliptic) unit WP Bailey pair by 
transformations of the type discussed in this paper. One example is 

a (a k-q^ p) - ^("g'^'^'P) {a,m'^q/k,b,a/b;q^,p)n (ag/rra; g,p)2« /fc\" 
9{a;p) {q^,akq/TV?,aq^ /b,bq^]q'^,p)n {m;q,p)2n Va/ 

/? (a k-q^ p) = ("^^g/Q;g^^-P)" y^ ^(™g^'';p) iaq/m,bm/a,m/b;q,p)r 
{akq/m'^;q'^,p)n fr^Q 0{m]p) {w?q/ a,aq'^ /b.bq^-^q^ ,p)r 

{■m'^q/k;q'^,p)r (k/m;q,p)2n-r {k;q^,p)n+r (^)/_^y 
{k/m;q,p)r {q'^;q'^,p)n-r {mq;q,p)2n+r 

which implies the transformation 23, Theorem 4.2] 

y^6{mq'^^]p) {aq/m,bm,/a,fn,/b;q,p)r {m^q/k,kq'^^,q~^'"';q^,p)r 
^-^ 9{m;p) {m'^q/a,aq'^/b,bq'^;q'^,p)r {k/m,mq^^'^"-/k,mq'^^+^;q,p)r 

{k/a,akq/m'^;q'^,p)n {mq;q,p)2n 



{aq^,vn?q/a]q'^,p)n {k/m;q,p)2„ 

X I2^ii(a; b, a/b, m^q/k, aq/m, aq'^/m, kq'^" , 5"^"; q^ ,p)- 

In order to establish the above elliptic WP Bailey pair (and similar pairs not given 
here) one has to extend some of our earlier results to bibasic series. A first step is 
to define a bibasic elliptic WP Bailey pair by 

T,(j)/ , N {k/a;q,p)n-rr ik;q,p)n+„ ^(,)^ , . 



with i a positive integer. Note that {An\Bn'^) = («„,/?„). The next and non- 
trivial step is to relate a pair [An \ Bn'^) with i > 2 to (q;„,/?„). Two examples of 
such relations can be stated as follows. 

Theorem 5.3. There holds 

/ , 2 N {■m^q/k;q'^,p)n f «^A"/l(2)/ N 

an{a,k;q ,p) ^ q A'^>(a,m;q,p), 

[akq/ni^;q^,p)n ^ m'' / 

2 N {'m^q/a;q^,p)n ^9{mq^'';p) {aq/m;q,p)r {■m'^q/k;q'^,p)r 
Pn[a,k]q ,p) = ( , , 2 2 \ 1^' 



{akq/m'^;q'^,p)n 0{m;p) {irflq/ a;q'^ ,p)r {k/m]q,p)r 
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Theorem 5.4. For m? = ak there holds 

an{a,k;q^,p) = g^"'a''^(f) (a, to; 

« / , 3 ^ &{mq*'';p) {aq/m;q,p)2r 

P„{a,k;q ,p) = 



0{m;p) {m? /a;q,p)2r 

{k/m;q,p)3n-r (fc;g^p)n+r 2(:)/^Vn(3)/ N 

. 3 3 ^ 7 ^ 9 — B!^ '{a,'rn;q,p). 

{q^;q^,P)n-r [mq;q,p)3n+r ^m/ 



The proofs hinge on 53", CoroUaries 4.4 and 4.5]. As third and final step in the 
proof of the elhptic WP Bailey pair of our example we note that '53'. Theorem 4.1] 
is equivalent to 

Al:\a,k-q,p) = ^(»g''";P) {a,b,a/b;q\p),, 

0{a;p) iq\aq'-/b,bq^;q\p)n 



{aq/k-q,p),n ^ iyiq-ii,)n^ 



ik;q,p) 

" ^ ' '^'^^ {aq^/bM\q\p)n 

Substituting this in Theorem 15 . 31 concludes our derivation. 

We leave it as an open problem to find transformations between {An \ Bn ^) and 
{An \ Bn^) for arbitrary i and j. 
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